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LIE ALGEBRAS OF CONSERVATION LAWS OF
VARIATIONAL ORDINARY DIFFERENTIAL EQUATIONS
EMANUELE FIORANI AND ANDREA SPIRO
Abstract. We establish a new version of the first Noether Theorem,
according to which the (equivalence classes of) first integrals of given
Euler-Lagrange equations in one independent variable are in exact one-
to-one correspondence with the (equivalence classes of) vector fields sat-
isfying two simple geometric conditions, namely they simultaneously
preserve the holonomy distribution of the jets space and the action from
which the Euler-Lagrange equations are derived.
1. Introduction
The first Noether Theorem is surely one of the most celebrated and widely
studied results on conservation laws: see, for instance, [9, 10, 5, 12] and ref-
erences therein. As far as we know, the strongest and most general version of
this theorem has been given by Olver in [10, 11]. There, in a very clear and
precise way, Olver shows that there exists an exact one-to-one correspon-
dence between the family of (equivalence classes of) conservation laws for
given Euler-Lagrange equations on sections of a bundle π : E →M , and the
collection of (equivalence classes of) some special vector fields, called gener-
alized infinitesimal symmetries, defined on the bundle π∞ : J∞(E) −→ M
of the infinite jets of sections of E.
We now recall that any jet bundle of finite order πk : Jk(E) −→ M is
completely determined, up to local equivalences, by the pair (N,D), formed
by:
– the total manifold N := Jk(E) of the jet bundle;
– a special distribution D ⊂ TN , called canonical differential system
or holonomy distribution ([14, 15, 13]).
Indeed, by a result by Yamaguchi, the pair (N,D) characterizes the bundle
πk : Jk(E) −→M in the following sense: if (N ′,D′) is another pair, formed
by a manifold N ′ of dimN ′ = dimN and a non-integrable distribution
D′ ⊂ TN ′ on N ′, satisfying an appropriate set of conditions, then there
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exists a local diffeomorphism between N ′ and N = Jk(E), which maps D′
into D and allows to consider locally N ′ as a jet bundle of order k ([15],
Thm. 2.4’).
It is therefore natural to expect that Olver’s correspondence between
conservation laws and generalized infinitesimal symmetries might admit an
equivalent formulation in terms of vector fields on the jet bundle satisfying
the following simple conditions: their local flows preserve
a) the holonomy distribution D and
b) the action I, from which the Euler-Lagrange equations are derived.
Such alternative formulation of Noether-Olver’s correspondence is actually
possible.
In this paper, we prove it for Euler-Lagrange equations in one independent
variable. The proof for the general case of equations in several independent
variables will appear in a forthcoming paper ([3]; see also [2]).
Let us call infinitesimal symmetries for the action I, or shortly I-
symmetries, the vector fields of a jet bundle Jk(E), satisfying conditions (a)
and (b). Our result indicates that the correspondence between I-symmetries
and conserved quantities (better to say, constants of motion, depending on
derivatives up to a fixed finite order, possibly higher than the order of the
system), is an almost perfect analogue of the well-known bijection between
first integrals of a time-independent Hamiltonian system and the Hamil-
tonian vector fields that preserve the Hamiltonian function H (see e.g. [6],
§5.5).
However, this analogy breaks down in the following crucial aspect. First
of all, we stress the fact that the above correspondence is established for
any system of Euler-Lagrange equations, derived by some variational prin-
ciple. In particular, it equally applies to both Lagrangian and Hamiltonian
settings. Hence, one can explicitly apply our construction to determine
the I-symmetries associated with the first integrals of a time-independent
Hamiltonian system that depend just on phase space coordinates (to distin-
guish them from all other constants of motion, we call them first integrals
of elementary type). Comparing them with the Hamiltonian vector fields
associated with such first integrals, one can realize the following somehow
unexpected fact: the I-symmetries and Hamiltonian vector fields are dif-
ferent objects, even though there exists a very natural bijection between
them. There is however a very simple reason behind such a difference: an
Hamiltonian vector field corresponds to a first integral of elementary type
(determined up to a constant) by means of a contraction with the canonical
symplectic 2-form of the phase space; an I-symmetry corresponds to a first
integral of the same kind by means of a contraction with the Poincare´-Cartan
1-form of the Hamiltonian system (see §4.3 for details).
On the basis of this fact, our alternative presentation of the correspon-
dence between conservation laws and I-symmetries can be considered as
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the natural generalization of the correspondence between first integrals of
elementary type and infinitesimal symmetries of a Poincare´-Cartan 1-form,
and not of the canonical symplectic form.
In addition, the explicit details of our proof show the following facts:
1) For any k ≥ 0 and for any action I on curves γ : I ⊂ R → E,
determined by a Lagrangian which depends on the k′-th order jets of
such curves with k′ ≤
[
k
2
]
−1, there exists at least one 1-form, which
is a natural analogue of the Poincare´-Cartan 1-forms of Hamiltonian
systems (we call it 1-form of Poincare´-Cartan type).
2) For a generic action I, there exist several (not just one!) associated
1-forms of Poincare´-Cartan type and the explicit correspondence be-
tween I-symmetries and constants of motion does depend on the
choice of one such 1-form. It is only the associated map between
equivalence classes of I-symmetries and of conservation laws, which
is independent of this choice.
3) For any fixed u ∈ Jk(E), the collection gI of germs at u of I-
symmetries has a natural structure of an infinite-dimensional Lie
algebra, determined by the usual Lie brackets between vector fields.
However, in general, the Lie algebra structure of gI does not induce
a natural Lie algebra structure on the space ConstMot of germs of
(locally defined) constants of motion. One can impose a correspond-
ing natural Lie algebra structure on certain subspaces of ConstMot
only if special restrictions are considered, as for instance if one con-
sider only Hamiltonian systems and first integrals of elementary type.
Nonetheless, there always exists a natural linear representation of gI
on ConstMot, which makes ConstMot a g-module (see §3.3 below,
for details).
We observe that our construction of the correspondence between I-
symmetries and conservation laws makes use only of classical operators of
Differential Geometry, like e.g. exterior differentials, Lie derivatives etc.,
and it has been designed to admit simple and direct generalizations to Euler-
Lagrange equations on supermanifolds. We plan to undertake this task in a
future paper.
As a conclusive remark, we remind that Noether theorems have a long
story, clearly exposed in Kosmann-Schwarzbach’s book [5] and summarized
also in Olver’s review [12]. In [5], p. 143-144, the author stresses the clarity
and completeness of Olver’s presentation in [10] and suggests further investi-
gations towards other kinds of geometrical approaches to Noether theorems
(see, for instance [4]). In our opinion, the results of this paper may be
considered as a contribution in this direction.
The paper is structured as follows. In §2, we introduce the definition of
the holonomic distribution of a jet bundle Jk(E), associated with a bundle
π : E → R with 1-dimensional basis, and of variational equivalences between
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p-forms on Jk(E). The interest for such equivalence relations is motivated
by the following facts:
i) a Hamiltonian or Lagrangian action I on curves γ : I ⊂ R → E,
depending on the k-order jets of these curves, can be always defined
as the integral of a 1-form of Jk(E) along the traces in Jk(E) of the
curves of jets t 7→ jk(γ)|t;
ii) two 1-forms on Jk(E) determine the same action I if and only if
they are variationally equivalent;
iii) the Euler-Lagrange equations, which characterize the stationary
curves for I, are given by the components of a special 2-form, which
is variationally equivalent to the exterior differentials of the (varia-
tionally equivalent) 1-forms that determine I.
In §3, we introduce the notion of infinitesimal symmetries of an action I and
prove the advertised correspondence between (equivalence classes of) such
infinitesimal symmetries and (equivalence classes of) constants of motion
for the Euler-Lagrange equations of I. In §4, we determine the infinitesimal
symmetries of the action, associated with a (time-independent) Hamiltonian
system, and compare them with the Hamiltonian vector fields, associated
with first integrals of elementary type. Finally, using Darboux Theorem, we
get our final result, Theorem 4.4, which generalizes a previous theorem by
Mukunda ([8]).
Acknowledgements. We are grateful to Franco Cardin and Wlodzimierz
Tulczyjew for very useful discussions on many aspects of this paper.
2. Geometrization of Euler-Lagrange equations of one
independent variable
2.1. Notational remarks. In this paper we are concerned with the systems
of ordinary differential equations for curves γ : I ⊂ R −→ M on an n-
dimensional manifold M , which are Euler-Lagrange equations determined
by some variational principle.
Main examples of such equations are given by the differential systems
occurring in Lagrangian and Hamiltonian mechanics. In these cases, the
manifold M plays the role of the configuration space or phase space of the
considered physical system. The parameter t ∈ I ⊂ R of the curve has to
be considered as the time coordinate.
In our discussion, the 1-dimensional manifold R is constantly considered
with a fixed orientation, namely the one determined by the trivial coordinate
system IdR = (t) : R −→ R. The globally defined 1-form dt is referred to as
standard volume form of R.
It is immediate to realise that any (smooth) parameterized curve γ : I ⊂
R −→ M is uniquely associated with the corresponding (local) section of
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the trivial bundle π : E = R×M −→ R
γ̂t := (t, γt) .
So, with no loss of generality, in place of parameterized curves in M , all
results of this paper are expressed in terms of local (smooth) sections of the
trivial bundle (E = M × R,R, π).
Consider an integer k ≥ 1. Given a local section γ : I → E = R ×M ,
we use the notation jkt (γ) for the k-th order jet of γ at t ∈ I. The space of
k-jets of local sections of the bundle (E,R, π) is denoted by Jk(E).
For any 1 ≤ ℓ ≤ k, we indicate by πkℓ the natural projection
πkℓ : J
k(E) −→ Jℓ(E) , πkℓ (j
k
t (γ)) := j
ℓ
t (γ) .
We also consider the natural projections πk0 : J
k(E) −→ E and πk−1 :
Jk(E) −→ R, defined by
πk0 (j
k
t (γ)) := γt , π
k
−1(j
k
t (γ)) := t .
Given a section γ : I ⊂ R −→ E, we call lift of γ to the k-th order the
associated curve of jets
γ(k) : I ⊂ R −→ Jk(E) , γ(k)(t) := jkt (γ) .
For a given system of coordinates ξ = (yi) : U ⊂ M −→ Rn on U ⊂ M ,
the coordinates on E, defined by
ξ̂ : I × U ⊂ E −→ Rn+1 , ξ̂(t, x) = (t, y1(x), . . . , yn(x)) ,
are called associated with ξ = (yi). In general, any set of coordinates on E
of this form is called set of adapted coordinates.
Given a set of adapted coordinates ξ̂ = (t, yi) on I × U ⊂ E, we may
consider the naturally associated coordinates
ξ̂(k) = (t, yi, yi(1), . . . , y
i
(k)) : (π
k
0 )
−1(U × I) ⊂ Jk(E) −→ Rn(k+1)+1 ,
which sends a given k-th order jet u = jkt (γ) into the N -tuple, with N =
n(k + 1) + 1, defined by(
t, yi, yi(1), . . . , y
i
(k)
)
(u) :=
(
t, γit ,
dγi
ds
∣∣∣∣
s=t
, . . . ,
dkγi
dsk
∣∣∣∣
s=t
)
.
We call such coordinates a set of adapted coordinates of Jk(E).
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2.2. Holonomic distributions and variational classes.
Definition 2.1. The holonomic distribution of Jk(E) is the distribution
D ⊂ TJk(E), which is defined at any u ∈ Jk(E) by
Du = Span
{
v ∈ TuJ
kE : v =
dγ(k)
ds
∣∣∣∣∣
s=t
for some
γ : I −→ E such that jkt (γ) = u
}
.
The vectors in D and the vector fields with values in D are called holonomic.
Consider a system of adapted coordinates (t, yi, yi(1), . . . , y
i
(k)). If γ is a
section such that u = jkt (γ), the components of v =
dγ(k)
ds
∣∣∣
s=t
along the
direction of ∂
∂t
∣∣
u
and ∂
∂yi
(a)
∣∣∣∣
u
, 1 ≤ a ≤ k − 1, are completely fixed by the
coordinates (yi(1), . . . , y
i
(k)). The other components are not determined by
the coordinates of u and may vary arbitrarily. From these observation, a
basis for the subspace Du ⊂ TuJ
k(E) is given by the vectors
d
dt
∣∣∣∣
u=(t,yi
(a)
)
:=
∂
∂t
∣∣∣∣
u
+
k−1∑
a=0
yj(a+1)
∂
∂yj(a)
∣∣∣∣∣
u
and
∂
∂yi(k)
∣∣∣∣∣
u
, 1 ≤ i ≤ n ,
(2.1)
and the vector fields d
dt
, ∂
∂yi
(k)
is a collection of local generators for D.
Definition 2.2. A locally defined p-form λ of Jk(E), p ≥ 1, is called holo-
nomic if ıXλ = 0 for any holonomic vector field X. A local 0-form (i.e., a
C∞ function on an open set) is called holonomic if it vanishes identically.
If α, α′ are p-forms on the same open subset U ⊂ Jk(E), they are called
variationally equivalent if
α− α′ = λ+ dµ
for some holonomic p-form λ and some holonomic (p− 1)-form µ.
By previous remarks, given a set of adapted coordinates ξ̂(k) = (t, yi(a)),
the holonomic 1-forms are exactly those that are linear combination of the
1-forms (here, yi(0) := y
i)
ωi(a) := dy
i
(a) − y
i
(a+1)dt , a = 0, . . . , k − 1, (2.2)
at all points.
Note also that if µ is holonomic, its differential dµ might be non-
holonomic. For instance, the 1-forms ωi(a), a ≤ k − 2, are holonomic, but
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their differentials are of the form dωi(a) = dy
i
(a+1) ∧ dt = ω
i
(a+1) ∧ dt and are
not holonomic. Indeed,
ı d
dt
dωi(a) = −ω
i
(a+1) 6= 0 .
The relation of variational equivalence is an equivalence relation between
p-forms defined on the same open subset U ⊂ Jk(E). If α is a p-form on
U , we call variational class of α the collection [α] of all p-forms that are
variationally equivalent to α.
The main motivation for considering the notion of variational classes is
discussed in the next section.
2.3. Actions, Lagrangians and Poincare´-Cartan forms. As men-
tioned in the Introduction, we are concerned with conservation laws for
Hamiltonian systems as well as for any set of Euler-Lagrangian equations
on sections γ : I −→ E = M × R, originating from functionals of the form
IL(γ) =
∫ b
a
L(γ(k))dt . (2.3)
Here L : Jk(E) −→ R denotes a k-th order Lagrangian, that is a C∞ real
function on Jk(E).
For such purposes, it is very convenient to consider the following notion.
Definition 2.3. Let [α] be the variational class of a 1-form α on Jk(E).
We call action associated with [α] the functional
I[α] : {local sections γ : I ⊂ R −→ E} −→ R ,
I[α](γ) :=
∫
γ(k)(I)
α (2.4)
(in this formula,
∫
jk(γ)(I) α indicates the integral of α along the 1-dimensional
submanifold γ(k)(I) ⊂ Jk(E)).
Here is a sequence of remarks that motivate this definition.
(1) The functional I[α] is well defined. Namely, if α, α
′ are such that [α′] =
[α] then α′ = α+ λ for some holonomic λ and∫
γ(k)(I)
α′ =
∫
γ(k)(I)
α+
∫
γ(k)(I)
λ =
∫
γ(k)(I)
α ,
since λ is 0 on all vectors tangent to γ(k)(I), because they are holonomic.
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(2) For any Lagrangian L : Jk(E) −→ R, the 1-form αL := L · (π
k
−1)
∗dt is
such that, for any section γ,
I[αL](γ) =
∫
γ(k)(I)
αL =
∫ b
a
L(γ(k))dt = IL(γ) .
This shows that (2.3) coincides with the action associated with [αL].
(3) Let α be a 1-form on Jk(E) and denote by α˜ = (πk+1k )
∗(α) the
pull-back of α on the jet space Jk+1(E). Let also W ⊂ Jk+1(E) be an
open subset admitting a set of adapted coordinates ξ̂(k) = (t, yi, yi(a)). The
collection of 1-forms (dt, ωi(a), dy
j
(k+1)) is a coframe field on W and any
1-form is a linear combination of such 1-forms at any point. Since
ı ∂
∂yi
(k)
α˜ = α
(
πk+1k ∗
(
∂
∂yi(k)
))
= 0 for all 1 ≤ i ≤ n ,
it follows that α˜|W has trivial components along the 1-forms like dy
j
(k+1). It
is therefore of the form
α˜|W = Ldt+
k∑
a=0
αi(a)ω
i
(a) ,
for some smooth real functions L, αi(a) on W. Since
∑k
a=0 αi(a)ω
i
(a) is holo-
nomic and dt coincides with the pull-back of the standard volume form dt
of R, we conclude that [α˜|W ] = [αL] and the values of the functional I[α] on
sections of W are given by
I[α](γ) =
∫
γ(k+1)(I)
α˜ =
∫ b
a
L(γ(k+1))dt = IL(γ) .
This means that, locally, I[α] can be always identified with a functional of
the form IL, given by an appropriate (k + 1)-th order Lagrangian L.
(4) Let M = T ∗RN be the phase space of a classical mechanical sys-
tem and H : T ∗RN −→ R the Hamiltonian, which determines the dynamics
of the system. As it is well known, the Hamilton equations q˙i = ∂H
∂pi
,
p˙j = −
∂H
∂qj
are the Euler-Lagrange equations that arise from a variational
principle on the action
I(γ) =
∫
γ(I)
pidq
i −Hdt (2.5)
on sections of π : (T ∗RN ) × R −→ R. The 1-form αH = pidq
i − Hdt is
usually called Poincare´-Cartan form. Note that (2.5) coincides with the
action I[αH ] associated with the variational class [αH ].
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By these observations, it is clear that the actions determined by varia-
tional classes constitute a set that naturally includes and extends the class
of all actions in Lagrangian and Hamiltonian mechanics. With the purpose
of dealing with both kinds of such actions on the same footing, from now
on our discussion is done in the general terms of variational classes and
associated actions.
We conclude with a very convenient definition.
Definition 2.4. A p-form β˜ on (an open subset of) Jk(E) is said of order r
for some 0 ≤ r ≤ k if there exists a p-form β on (an open subset of) Jr(E)
such that β˜ = (πkr )
∗β.
Using this definition, by a pull-back, a p-form α on Jr(E) can be consid-
ered as p-form of order r on a jet space Jk(E) for any k ≥ r.
2.4. Variational Principles and Euler-Lagrange equations. We now
want to introduce a definition of variational principles for actions given by
variational classes, which directly implies the usual Euler-Lagrange equa-
tions in Lagrange or Hamiltonian settings. For this, we first need to consider
the following generalized definition of variation with fixed boundary.
Let γ : I −→ E = M × R be a local section and [a, b] ⊂ I a closed subin-
terval of its domain I. We call smooth variation of γ with fixed boundary up
to order k any smooth map F : [a, b]× [−ε, ε] ⊂ R2 −→M , such that:
a) all maps γ(s) := F (·, s) : [a, b]→ E, s ∈ [−ε, ε], admit C∞ extensions
γ(s) : Iε −→ E on intervals Iε ⊃ [a, b], which are sections of E;
b) γ(0) = γ;
c) the k-th order jet curves (γ(s))(k) : [a, b] −→ Jk(E) are such that
(γ(s))(k)(a) = γ(k)(a) , (γ(s))(k)(b) = γ(k)(b)
for all s ∈ [−ε, ε].
Definition 2.5. Let γ : I ⊂ R −→ E = M × R be a section and I[α] the
action determined by a 1-form α of order r in Jk(E). We say that γ satisfies
the variational principle determined by I[α] if
dI[α](γ
(s))
ds
∣∣∣∣∣
s=0
= 0 , γ(s) := F (·, s) , (2.6)
for all smooth variations F with fixed boundaries up to order r of the re-
strictions γ|[a,b] on all closed subintervals [a, b] ⊂ I.
Condition (2.6) clearly depends only on the first order jet in the variable
s of the variation F . Indeed it is equivalent to a condition which involve
some special vector fields, which we now introduce.
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Let γ : I −→ E = M × R be a section and
W : γ(k)([a, b]) −→ TJk(E)|γ(k)([a,b])
a vector field, which is defined only at the points of γ(k)([a, b]), [a, b] ⊂ I. We
say that W is a k-th order variational field if there exists a smooth variation
F : [a, b] × [−ε, ε] −→ E of γ with fixed boundary up to order k, such that
W = F
(k)
∗
(
∂
∂s
∣∣∣∣
(x,0)
)
, (2.7)
where F (k) is the map
F (k) : [a, b]× [−ǫ, ǫ] −→ Jk(E) , F (k)(t, s) = (γ(s))(k)(t) = jkt (F (·, s)) .
Proposition 2.6. A section γ : I −→ E satisfies the variational principle
determined by I[α] if and only if for any closed subinterval [a, b] ⊂ I and any
k-th order variational field W at the points of γ(k)([a, b]),∫
γ(k)([a,b])
ıW dα = 0 . (2.8)
Proof. Let J = [a, b] ⊂ I and denote by F a smooth variation with fixed
boundaries up to order r of γ|J . We also indicate by W the variational
field along γ|[a,b], which is determined by F by means of (2.7). By Stokes
Theorem and the conditions satisfied by F at the points (a, s) and (b, s),
dI[α](γ
(s))
ds
∣∣∣∣∣
s=0
= lim
h→0
1
h
(∫
(γ(h))(k)(J)
α−
∫
(γ(0))(k)(J)
α
)
=
= lim
h→0
1
h
(∫
F (J×[0,h])
dα
)
=
∫
γ(k)([a,b])
ıW dα .
From this, the claim follows.
At a first glance, condition (2.8) looks difficult to be handled, because it
involves the notion of variational vector fields, which are objects that might
be hard to characterize in terms of explicit differential equations.
On the other hand, we observe that (2.8) is satisfied if and only if∫
γ(k)([a,b]) ıWβ = 0 for any β ∈ [dα]. Indeed, if β = dα + λ + dµ, for some
holonomic λ and µ,∫
γ(k)([a,b])
ıW dα
λ is holonomic
=
∫
γ(k)([a,b])
ıWβ −
∫
γ(k)([a,b])
ıW dµ
Stokes Thm.
=
=
∫
γ(k)([a,b])
ıWβ − µ(W )|γ(k)(b) + µ(W )|γ(k)(a)
fixed boundary
=
∫
γ(k)([a,b])
ıWβ .
(2.9)
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By this fact, it turns out that it is very convenient to consider the following
kind of 2-forms, which, as we will shortly see, lead naturally to the Euler-
Lagrange equations of the considered variational principle.
Definition 2.7. A 2-form σ on Jk(E), k ≥ 1 is called source form if
ıV σ = 0 (2.10)
for any vector field V such that (πk0 )∗(V ) = 0.
If ξ(k) = (t, yi, yi(1), . . . y
i
(k)) is a system of adapted coordinates on an open
subset U ⊂ Jk(E), condition (2.10) is equivalent to the equations
σ
(
∂
∂yi(a)
, ·
)
= 0 , 1 ≤ a ≤ k , (2.11)
to be satisfied at all points of U . It follows that σ satisfies (2.10) if and only
if it is of the form
σ = σ˜jdy
j ∧ dt+
∑
k<ℓ
σ˜kℓdy
k ∧ dyℓ =
=
(
σ˜j +
∑
k<ℓ
(σ˜kℓy
ℓ
(1) − σ˜kℓy
k
(1))
)
ωi(0) ∧ dt+
∑
k<ℓ
σ˜kℓω
k
(0) ∧ ω
ℓ
(0)
for some smooth functions σ˜j and σ˜kℓ.
Coming back to (2.8) and (2.4), by [13] Prop. A.2, if α is a 1-form,
which is locally variationally equivalent to a 1-form Ldt of order r, and it
is considered (through a pull-pack) as a 1-form on Jk(E), with k ≥ 2r, the
class [dα] on Jk(E) contains exactly one source form σ ∈ [dα], which has
the expression
σ = σiω
i
(0) ∧ dt (2.12)
in any set of adapted coordinates.
For reader’s convenience, we show the existence of a source form as above
in the simple case, in which α is defined on an open set U ⊂ Jk(E), k ≥ 2,
endowed with adapted coordinates ξ(k) = (t, yi(a)), and it is already of the
form α = Ldt for some Lagrangian L of order 1. In this case,
dα =
∂L
∂yi
dyi ∧ dt+
∂L
∂yi(1)
dyi(1) ∧ dt =
∂L
∂yi
ωi(0) ∧ dt+
∂L
∂yi(1)
dωi(0) =
=
∂L
∂yi
ωi(0) ∧ dt+ d
(
∂L
∂yi(1)
ωi(0)
)
− d
(
∂L
∂yi(1)
)
∧ ωi(0) =
=
(
∂L
∂yi
−
d
dt
(
∂L
∂yi(1)
))
ωi(0) ∧ dt+ d
(
∂L
∂yi(1)
ωi(0)
)
−
−
(
∂2L
∂yj∂yi(1)
)
ωj(0) ∧ ω
i
(0) −
(
∂2L
∂yj(1)∂y
i
(1)
)
ωj(1) ∧ ω
i
(0) .
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Since µ = ∂L
∂yi
(1)
ωi(0) and λ(a) := −
(
∂2L
∂y
j
(a)
yi
(1)
)
ωj(a) ∧ ω
i
(0), a = 0, 1, are holo-
nomic, we see that the variational class [dα] contains the source form
σ = σiω
i
(0) ∧ dt with σi =
∂L
∂yi
−
d
dt
(
∂L
∂yi(1)
)
. (2.13)
We are now able to prove that that the sections which satisfy a varia-
tional principle, are exactly the solutions of an appropriate system of Euler-
Lagrange equations, as expected.
Theorem 2.8. Assume that α is a 1-form on a jet space Jk(E), which is
(locally) variationally equivalent to some form of order r of the kind Ldt for
some r ≤ k2 . Let also σ be a source form in [dα]. A section γ : I −→ E
satisfies the variational principle of I[α] if and only if
ı
γ˙
(k)
t
σ = 0 for any t ∈ I . (2.14)
Proof. First of all, we observe that if σ and σ′ are source forms in the same
variational class [dα], i.e., such that σ − σ′ = λ+ dµ for some holonomic λ
and µ, then dµ is holonomic and the whole difference σ − σ′ is holonomic.
In fact, if dµ 6= 0 and not holonomic, in some set of adapted coordinates dµ
is necessarily of the form
dµ =
k∑
1≤a
µai dy
i
(a) ∧ dt
for some non-trivial functions µai . But this would contradict the fact that σ
and σ′ are both source forms, hence both satisfying (2.11). Due to this and
the fact that, for any section γ, the tangent vectors γ˙
(k)
t are in D, we get
that ı
γ˙
(k)
t
σ = ı
γ˙
(k)
t
σ′.
By this remark, with no loss of generality, from now on we may assume
that σ is the unique source form of [dα] described in (2.12). By (2.4) and
Proposition 2.6, γ satisfies the variational principle if and only if∫
γ(k)([a,b])
ıWσ = 0 (2.15)
for any closed subinterval [a, b] ⊂ I and any k-th order variational field W .
If we consider [a, b] so small so that γ(k)|[a,b] is included in the domain of a
system of adapted coordinates ξ(k) = (t, yi(a)), we have that W and ıWσ are
of the form
W = W i
∂
∂yi
+
k∑
a=1
W i(a)
∂
∂yi(a)
, ıWσ = ıW (σiω
i
(0)∧dt) = (W
iσi)dt . (2.16)
We now observe that for any choice of functions f i : γ(k)([a, b]) → R that
vanish identically on neighborhoods of a and b, one can construct a smooth
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variation F with fixed boundary up to order k, whose associated variational
field W satisfies
W i|γ(k)(t) = f
i|γ(k)(t)
at any t ∈ [a, b]. This fact together with (2.16) implies that (2.15) is satis-
fied for all subintervals [a, b] and all variational fields W if and only if the
functions σi|γ(k)(t) are identically vanishing. Since
ı
γ˙
(k)
t
σ =
(
σi|γ(k)(t)
)(
ωi(γ˙
(k)
t )dt− ω
i
(0)
)
= −σi|γ(k)(t)ω
i
(0)
the claim follows.
By previous remarks and the proof of Theorem 2.8, using a set of adapted
coordinates, the equation (2.14) is equivalent to the system
σi(γ
(k)(t)) = 0 , 1 ≤ i ≤ n , (2.17)
where the σi’s are the components of the unique source form σ ∈ [dα]
described in (2.12). By (2.13), when α is of the form α = Ldt for some
Lagrangian L of first order, the equations (2.17) are the Euler-Lagrange
equations (
∂L
∂yi
−
d
dt
(
∂L
∂yi(1)
))
γ(1)(t)
= 0 .
The reader can directly check that (2.17) coincide with the Eulero-Lagrange
equations of a Lagrangian L also in the cases in which L is of order higher
than one.
3. A geometric proof of Noether Theorem for variational
systems of o.d.e.’s
3.1. Conservation laws and symmetries of variational o.d.e.’s. Let
α be a 1-form on Jk(E) and f : U ⊂ Jk(E) −→ R a smooth function,
defined on an open subset of Jk(E).
Definition 3.1. The function f is said constant of motion for the variational
principle of I[α] if for any section γ : I −→ E that satisfies the variational
principle,
d(f ◦ γ(k))
dt
∣∣∣∣∣
t
= 0 for any t ∈ I .
As we will shortly see, the (first) Noether Theorem establishes a natural
correspondence between symmetries of I[α] and conservation laws. Indeed,
such correspondence appears to be a bijection, provided that the objects
that are called symmetries are specified in an appropriate way. To this
purpose, the following definition is crucial.
Definition 3.2. Let X be a vector field and α a 1-form on Jk(E).
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a) X is called infinitesimal symmetry of D (shortly, D-symmetry) if,
for any holonomic vector field Y , the Lie derivative LXY is also a
holonomic vector field.
b) X is called infinitesimal symmetry for I[α] if it is a D-symmetry and
LXα is holonomic for some (and hence for all) α ∈ [α].
Remark 3.3. As a direct consequence of definitions, X is a D-symmetry
if and only if the local flow ΦXt of X around any jet u ∈ J
k(E), maps the
holonomic distribution D into itself. This implies the following two crucial
facts:
a) A vector field X on some open subset U ⊂ Jk(E) generates a 1-
parameter family of diffeomorphisms that transform k-lifts γ(k) of
sections into curves that are also lifts of sections if and only if it is
a D-symmetry.
This is the main reason of interest for D-symmetries.
b) If X is a D-symmetry and λ is a holonomic p-form, also the p-forms
ΦXt
∗λ, t ∈] − ε, ε[⊂ R, and the Lie derivative LXλ, are holonomic.
From this, it follows that if α and α′ are variationally equivalent (i.e.
α − α′ = λ + dµ, with λ, µ holonomic), then LXα is holonomic if
and only if LXα
′ is holonomic.
This explains why the definition of infinitesimal symmetry for
I[α] depends on the variational class [α] and not on the choice of
the 1-form α in that class.
If we denote by S(k) the class of k-th order lifts of sections of π : E → R
and we consider I[α] as an operator I[α] : S
(k) −→ R with domain S(k), (a)
and (b) lead to the following interpretation of the notions in Definition 3.2.
– The local flows of D-symmetries can be considered as 1-parameter
groups of local transformations of S(k);
– The local flows of infinitesimal symmetries of I[α] can be considered
as 1-parameter groups of local transformations of S(k), with orbits
along which the functional I[α] is constant.
In the next proposition, we show that the D-symmetries and the infin-
itesimal symmetries for an action I[α] coincide with the vector fields that
satisfy an appropriate system of partial differential equations.
Proposition 3.4. Let X and α be a vector field and a 1-form on Jk(E),
respectively, and ξ̂(k) = (t, yi(a)) a system of adapted coordinates on U ⊂
Jk(E). Then:
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1) X|U is a D-symmetry if and only if it satisfies the following system
of p.d.e.’s
ωi(a)
(
LX
d
dt
)
= 0 , 0 ≤ a ≤ k − 1 , 1 ≤ i ≤ n ,
ωi(a)
(
LX
∂
∂y
j
(k)
)
= 0 , 0 ≤ a ≤ k − 1, 1 ≤ i, j ≤ n .
(3.1)
2) X|U is an infinitesimal symmetry for I[α] (considered as functional
on sections in U) if and only if it satisfies (3.1) and the equations
(LXα)
(
d
dt
)
= 0 ,
(LXα)
(
∂
∂y
j
(k)
)
= 0 .
(3.2)
Proof. We recall that D|U is generated by the vector fields
d
dt
and ∂
∂y
j
(k)
,
1 ≤ j ≤ n. This implies that a vector field takes values in D|U if and only
if it is in the intersection of the kernels of the 1-forms ωi(a), 0 ≤ a ≤ k − 1.
From these two facts, it follows that X|D is a D-symmetry if and only if (1)
holds and that LXα is holonomic (i.e. it vanishes on all holonomic vector
fields) if and only if (2) is satisfied.
We conclude with an explicit description of D-symmetries in adapted
coordinates. In the next statement, ξ̂(k) = (t, yi, yi(a)) is a fixed system
of adapted coordinates on an open subset U ⊂ Jk(E). Moreover, for any
smooth map v = (v0,v1, . . . ,vn) : U ⊂ Jk(E) −→ Rn+1 we adopt the
notation Xv to indicate the vector field on U defined by
Xv := v
0 ∂
∂t
+ vi
∂
∂yi
+
k∑
a=1
vi(a)
∂
∂yi(a)
(3.3)
where
vi(a) :=
da
dta
(
vi − yi(1)v
0
)
+ yi(a+1)v
0 . (3.4)
(in this formula, we assume yi(k+1) = 0). Notice that, by (3.3) and (3.4), we
may also write Xv as
Xv := v
0 d
dt
+
(
vi − yi(1)v
0
) ∂
∂yi
+
k∑
a=1
da
dta
(
vi − yi(1)v
0
) ∂
∂yi(a)
(3.5)
Proposition 3.5. If dimM ≥ 2, a vector field X on U is a D-symmetry if
and only if X = Xv for some v = (v
i) such that
∂v
∂yi(k)
= 0 for all 1 ≤ i ≤ n.
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Proof. By Proposition 3.4, a vector field
X = X0
∂
∂t
+Xi
∂
∂yi
+Xi(1)
∂
∂yi(1)
+ . . .+Xi(k)
∂
∂yi(k)
on U is a D-symmetry if and only if it satisfies the equations
ωi(a)
(
LX
d
dt
)
= 0 , ωi(a)
(
LX
∂
∂yj(k)
)
= 0 (3.6)
for any 0 ≤ a ≤ k − 1. We recall that
LX
d
dt
= −
dX0
dt
∂
∂t
+
k−1∑
a=0
(
Xi(a+1) −
dXi(a)
dt
)
∂
∂yi(a)
−
dXi(k)
dt
∂
∂yi(k)
.
Hence, the first set of equations in (3.6) means that, for any 0 ≤ a ≤ k − 1,
0 = ωi(a)
(
LX
d
dt
)
= Xi(a+1) −
dXi(a)
dt
+ yi(a+1)
dX0
dt
. (3.7)
This shows that all components Xi(a), a ≥ 1, are uniquely determined by the
components Xi and, by induction, one can check that X is as in (3.3).
In order to conclude, it suffices to show that the other equations in (3.6)
are equivalent to
∂X0
∂yj(k)
=
∂Xi
∂yj(k)
=
∂Xi(a)
∂yj(k)
= 0 (3.8)
for any 0 ≤ a ≤ k−1, so that
∂vℓ
∂yi(k)
=
∂Xℓ
∂yi(k)
= 0. Indeed, denoting by zA an
arbitrary coordinate amongst (t, yi, yi(a)), one has that LX
∂
∂y
j
(k)
= − ∂X
A
∂y
j
(k)
∂
∂zA
.
This means that the second set of equations in (3.6) is equivalent to
∂Xi(a)
∂yj(k)
= yi(a+1)
∂X0
∂yj(k)
, 0 ≤ a ≤ k − 1. (3.9)
Now, setting a = k−1 and taking the derivative of (3.9) w.r.t. yi(k) for some
i 6= j, we get
∂2Xi(k−1)
∂yi(k)∂y
j
(k)
=
∂X0
∂yj(k)
+ yi(k)
∂2X0
∂yi(k)∂y
j
(k)
.
On the other hand, considering equation (3.9) with j = i and taking the
derivative w.r.t. yj(k) we have
∂2Xi(k−1)
∂yj(k)∂y
i
(k)
= yi(k)
∂2X0
∂yj(k)∂y
i
(k)
.
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Taking the difference, we obtain ∂X
0
∂y
j
(k)
= 0. Inserting this in (3.9), equalities
(3.8) follow.
We have now all the ingredients for the two parts of the Noether Theorem,
which are stated and proved in the next section.
3.2. Noether Theorem.
Definition 3.6. Let [α] be a variational class of 1-forms on Jk(E), deter-
mined by a 1-form α, which is locally variationally equivalent to 1-forms Ldt
of order r for some r ≤ k2 . A 1-form αo ∈ [α] is called of Poincare´-Cartan
type if dαo is a source form modulo a holonomic 2-form.
The main example of such kind of 1-forms is given by the Poincare´-Cartan
form αo = pidq
i −Hdt discussed in (4) of §2.3. In fact
dαo =
∂H
∂pj
dpj ∧ dt+
∂H
∂qk
dqk ∧ dt+ dpi ∧ dq
i ,
which is a source form on any jet space Jk(E), k ≥ 1, of the trivial bundle
π : E = T ∗Rn × R −→ R.
Note that if α is a 1-form on Jk(E), satisfying the assumptions of (3.6),
then for any u ∈ Jk(E) there exists a neighborhood U of u such that the
variational class [α|U ] contains a 1-form of Poincare´-Cartan type. This can
be directly seen as follows: consider a neighbourhood U admitting a system
of adapted coordinates, and let σ ∈ [dα|U ] be the source form described in
(2.12). Then σ = dα|U +dµ+λ = d(α|U +µ)+λ, for some holonomic µ and
λ, and αo = α|U + µ is a 1-form of Poincare´-Cartan type in the variational
class [α|U ].
We also remark that, replacing Jk(E) by a jet space of higher order, one
may safely assume that the variational class [α|U ] contains at least one 1-
form of Poincare´-Cartan type of order r ≤ k − 1. We will shortly see that
such harmless assumption is often quite convenient.
The notion of 1-forms of Poincare´-Cartan type leads to the following
useful characterisation of infinitesimal symmetries of a given action. As
in Proposition 3.5, we consider as fixed a system of adapted coordinates
ξ̂(k) = (t, yi, yi(a)) on an open subset U ⊂ J
k(E) and for any Rn+1-valued
smooth map v = (vi) on U , we denote by Xv the associated vector field
defined in (3.3).
Proposition 3.7. Assume that dimM ≥ 2 and let αo be a 1-form of
Poincare´-Cartan type in [α] of order r ≤ k − 1 and Xv a D-symmetry
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on U associated with v = (vi). Then Xv is an infinitesimal symmetry for
I[α] if and only if it satisfies the linear differential equation
d
dt
(αo(Xv)) = σ
(
d
dt
,Xv
)
, (3.10)
where σ is any source form of the variational class [α|U ].
Proof. Let λ be the holonomic 2-form defined by λ = dαo − σ. By
Proposition 3.4 (2) and the fact that
ı d
dt
λ = ı ∂
∂y
j
(k)
λ = ı ∂
∂y
j
(k)
σ = 0 ,
Xv is an infinitesimal symmetry for I[α] if and only if
LXvαo
(
d
dt
)
= d(αo(Xv))
(
d
dt
)
+ dαo(Xv,
d
dt
) =
= d
dt
(αo(Xv)) + σ(Xv,
d
dt
) = 0 ,
LXvαo
(
∂
∂yi
(k)
)
= ∂αo(Xv)
∂yi
(k)
+ σ(Xv,
∂
∂yi
(k)
) = ∂αo(Xv)
∂yi
(k)
= 0 .
(3.11)
Since ∂X
A
v
∂yi
(k)
= 0 for all components XA
v
of Xv (Proposition 3.5) and αo is of
order r ≤ k − 1, the second equality is trivially satisfied for any 1 ≤ i ≤ k.
By the first equation in (3.11), the claim follows.
We can now state and prove the Noether Theorem in its two parts, direct
and inverse.
Theorem 3.8 (Noether Theorem – first part). Let [α] be a variational
class of 1-forms on Jk(E) and assume that αo is a 1-form of Poincare´-
Cartan type in [α].
If a vector field X on U ⊂ Jk(E) is an infinitesimal symmetry for I[α]
(considered as functional on sections in U), then
f (X) := ıXαo : U −→ R
is a constant of motion for the variational principle of I[α].
Proof. By definition of 1-forms of Poincare´-Cartan type, dαo = σ + λ,
where σ is a source form in [dαo] and λ is a holonomic 2-form. It follows
that, for any section γ : I −→ E
df (X) ◦ γ(k)
dt
= d(ıXαo)
(
dγ(k)
dt
)
=
= LXαo
(
dγ(k)
dt
)
− dαo
(
X,
dγ(k)
dt
)
LXαo is holonomic= −dαo
(
X,
dγ(k)
dt
)
=
= −σ
(
X,
dγ(k)
dt
)
.
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Since σ is a source form of [dαo], by Theorem 2.8, if γ is a solution of the
variational principle of I[α], we have
df(X)◦γ(k)
dt
= −σ
(
X, dγ
(k)
dt
)
= 0.
Now, in order to state and prove the inverse of this result, we need to
consider a new notion.
Let [α] be a variational class of 1-forms of Jk(E) and assume that σ =
σiω
i
(0) ∧ dt is a source form of the kind (2.12) on some open subset W ⊂
Jk(E). Assume also that σ is of order ro ≤ k−1 and consider the differentials
dσi of the components σi of σ. By the assumption on the order of σ, such
differentials are equal to
dσi =
∂σi
∂t
dt+
k−1∑
a=0
∂σi
∂yj(a)
dyj(a) =
dσi
dt
dt+
k−1∑
a=0
∂σi
∂yj(a)
ωj(a) .
Due to this, for any k-th order lift γ(k) : I −→ W of a section γ of E, we
have
d
(
σi(γ
(k)(t))
)
= dσi
(
γ˙(k)(t)
)
=
dσi
dt
∣∣∣∣
γ(k)(t)
.
Hence a lifted section γ(k) corresponds to a solution of the Euler-Lagrange
equations
σi(γ
(k)
t ) = 0 , 1 ≤ i ≤ n , (3.12)
if and only if it is a solution of the system of partial differential equations
σi(γ
(k)
t ) =
dσi
dt
(γ
(k)
t ) = 0 , 1 ≤ i ≤ n . (3.13)
The system (3.13) is usually called first prolongation of (3.12). We stress
the fact if the functions (i.e., 0-forms) σi which defined the Euler-Lagrange
equations are of order ro, the functions that define the first prolongation
(3.13) are 0-forms of order ro + 1 ≤ k.
Consider now the integer po := k − ro. Iterating the above argument, we
can directly prove that the system (3.12) is equivalent to
σi(γ
(k)
t ) =
dσi
dt
(γ
(k)
t ) = . . . =
((
d
dt
)po
σi
)
(γ
(k)
t ) = 0 , 1 ≤ i ≤ n . (3.14)
We call it full prolongation of (3.12) on the k-order jet space Jk(E).
Note that the order of the collection of functions appearing in a full pro-
longation is generically not less than k.
Definition 3.9. Let Fσ :W ⊂ J
k(E) −→ Rn·(po+1) be the smooth function
Fσ :=
(
σi,
d
dt
(σj),
(
d
dt
)2
(σℓ), . . . ,
(
d
dt
)po
(σm)
)
(3.15)
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and set Zσ := { u ∈ W : Fσ(u) = 0 } ⊂ J
k(E). The system of Euler-
Lagrange equations (3.12) is called regular in Jk(E) if the map Fσ is a
submersion at all points of Zσ
We may now state the second part of Noether Theorem.
Theorem 3.10 (Noether Theorem – second part). Assume that
dimM ≥ 2 and let α ∈ [α] be a 1-form of Poincare´-Cartan type of order
r ≤ k − 1 in a variational class [α] of 1-forms on Jk(E). Assume also that
there exists an open subset W ⊂ Jk(E), where the following non-degeneracy
conditions are satisfied:
a) there exists a source form σ = σiω
i
(0) ∧ dt of order ro ≤ k − 1 on
W of the kind (2.12), which determines a system of Euler-Lagrange
equations σi = 0, which is regular in J
k(E);
b) αo
(
d
dt
)∣∣
u
6= 0 at all u’s in W.
If f :W −→ R is a constant of motion of order k − 1 for the variational
principle of I[α], then there exist
1) a neighborhood U of Zσ = { u ∈ W : Fσ(u) = 0 }, where Fσ is
defined in (3.15);
2) an infinitesimal symmetry X(f) for I[α] on U ;
3) a po-tuple of constants of motion (g
(1), . . . , g(po)), po = k − ro − 1,
on U , vanishing at all points γ(k)(t) of all lifts of the solutions of the
variational principle
such that
ıX(f)α = f |U + g
(1) + . . . + g(po) . (3.16)
Proof. Consider a system of adapted coordinates ξ̂(k) = (t, yi, yi(a)) and
let σ = σiω
i
(0) ∧ dt on W be a source form satisfying the non-degeneracy
condition (a). By Propositions 3.5 and 3.7, we need to show that there
exists a neighbourhood U of Zσ, a smooth R
n+1-valued map v = (v0,vi) :
U → Rn+1 and po constants of motion g
(i) on U , vanishing on lifts γ(k)(I)
of solutions, such that the vector field Xv satisfies the system of linear
equations
α(Xv) = f +
po∑
ℓ=1
g(ℓ) , (ı d
dt
σ)(Xv) =
df
dt
+
po∑
ℓ=1
dg(ℓ)
dt
. (3.17)
If we express α and σ as sums of the form
α = α0dt+
∑
0≤a≤k−1
1≤i≤n
α
(a)
i ω
i
(a) , σ =
∑
1≤i≤n
σiω
i
(0) ∧ dt ,
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equations (3.17) become
v0α0 = −
n∑
i=1
(
vi − yi(1)v
0
)
α
(0)
i −
∑
1≤a≤k−1
1≤i≤n
da
(
vi − yi(1)v
0
)
dta
α
(a)
i +
+f +
po∑
ℓ=1
g(ℓ) ,
n∑
i=1
(
vi − yi(1)v
0
)
σi = −
df
dt
−
po∑
ℓ=1
dg(ℓ)
dt
.
(3.18)
We claim that the function df
dt
:W −→ R vanishes identically on Zσ. Indeed,
since Zσ = {Fσ = 0} is equal to the collection of the jets of the (k-th order
lifts of) solutions to the variational principle, for any u ∈ Zσ,
d
dt
∣∣∣∣
u
− γ˙(k)|to ∈ Span
{
∂
∂yi(k)
∣∣∣∣∣
u
}
,
where we denoted by γ(k) the k-th order lift of a solution with u = γ(k)(to).
Since f is a constant of motion and it is of order k − 1, we get
df
(
d
dt
∣∣∣∣
u
)
= df
(
γ˙(k)(to)
)
= 0 ,
which proves the claim.
From this, the fact that Fσ : W −→ R
n(po+1) is a submersion at any
u ∈ Zσ and standard properties of submanifolds (see e.g., [7], Lemma 2.1 and
[10], Prop. 2.10), there exists a neighborhood U ⊂ W and n ·(po+1) smooth
functions v̂j(ℓ), 1 ≤ j ≤ n, 0 ≤ ℓ ≤ po, on U (not uniquely determined!), such
that
−
df
dt
=
n∑
i=1
v̂i(0)σi +
n∑
i=1
v̂i(1)
dσi
dt
+ . . . +
n∑
i=1
v̂i(po)
(
d
dt
)po
(σi) . (3.19)
Let g(1) : U → R be the smooth function defined by
g(1) :=
n∑
i=1
v̂i(po)
(
d
dt
)po−1
(σi) . (3.20)
This function vanishes identically on the jets of the solutions (it is pointwise
equal to a linear combination components of the map Fσ) and it is therefore
a constant of motion. Furthermore,
n∑
i=1
v̂i(po)
(
d
dt
)po
(σi) =
dg(1)
dt
−
n∑
i=1
d
dt
(v̂i(po)) ·
(
d
dt
)po−1
(σi) ,
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so that (3.19) can be re-written in the form
−
df
dt
−
dg(1)
dt
=
po−1∑
a=0
(
n∑
i=1
v̂i(a)
(
d
dt
)a
(σi)
)
+
n∑
i=1
v˜i(po−1)
(
d
dt
)po−1
(σi) (3.21)
where we set
v˜i(po−1) := v̂
i
(po−1) −
d
dt
(v̂i(po)) .
Iterating this line of arguments, we conclude that (3.19) is equivalent to an
equality of the form
−
df
dt
−
dg(1)
dt
− . . . −
dg(po)
dt
=
n∑
i=1
v˜iσi , (3.22)
for some appropriate smooth functions v˜i, g(ℓ) : U −→ R, where the g(ℓ) are
constants of motion that vanish identically on the jets of the solutions of the
variational principle.
Since α0 = α
(
d
dt
)
is nowhere vanishing on W, we may consider the func-
tion
v0 := −
n∑
i=1
v˜i
α
(0)
i
α0
−
∑
1≤a≤k−1
1≤i≤n
dav˜i
dta
α
(a)
i
α0
+
f +
∑po
ℓ=1 g
(ℓ)
α0
and the corresponding (n+ 1)-tuple of functions on U ⊂ W
v :=
(
v0, v1 = v˜1 + y1(1)v
0, . . . , vn = v˜n + yn(1)v
0
)
.
By construction, v satisfies (3.18) and X(f) := Xv is an infinitesimal sym-
metry satisfying (3.16).
3.3. Correspondence between infinitesimal symmetries and con-
stants of motion. Let [α] be a variational class on Jk(E), which is locally
determined by a 1-form Ldt of order r with 2r ≤ k, and assume that X
is an infinitesimal symmetry X for the action I[α] on some open subset
U ⊂ Jk(E).
By the proof of the first part of the Noether Theorem, if αo, α
′
o are distinct
1-forms of Poincare´-Cartan type in [α] and f (X) and g(X) are the constants
of motion associated with X via αo and α
′
o, i.e.,
f (X) := ıXαo , g
(X) := ıXα
′
o ,
the difference h = f (X) − g(X) is a constant of motion with the property
that, for any k-lift γ(κ) of a section of E (here, σ is a source form of [dαo])
dh ◦ γ(k)
dt
= σ
(
X,
dγ(k)
dt
)
− σ
(
X,
dγ(k)
dt
)
= 0 .
It is therefore convenient to consider the following definition.
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Definition 3.11. An infinitesimal symmetry X for the action I[α] on U ⊂
Jk(E) is called
1) αo-trivial if the constant of motion f
(X) := ıXαo, determined by
αo ∈ [α] of Poincare´-Cartan type, is the zero function f
(X) = 0;
2) trivial if for any u ∈ U there exists at least one αo ∈ [α] of Poincare´-
Cartan type on a neighbourhood U ′ ⊂ U of u such that f (X) := ıXαo
is constant on any k-th order lift γ(k) of a section γ of E.
By previous observations, the property of being trivial does not depend
on the choice of the 1-form αo of Poincare´-Cartan type and it is equivalent
to the condition
σ
(
X,
d
dt
)
= 0 ,
where σ is an arbitrary source form [dαo].
Take now a fixed variational class [α] on Jk(E), with the usual assumption
that α ≃ Ldt for some 1-form Ldt of order r with 2r ≤ k, and let αo ∈ [α]
be of Poincare´-Cartan type of order r′ ≤ k−1 on some open set U ⊂ Jk(E).
Fix uo ∈ U and consider the following classes of germs at uo (here, given
a vector field X or a function f , we denote by X and f , respectively, their
germs at uo):
Σ := {germs at uo of infinitesimal symmetries of I[α] }
Triv(αo) := { X ∈ Σ : X is an αo-trivial symmetry }
Triv := { X ∈ Σ : X is a trivial symmetry }
ConstMot := { germs at uo of constants of motion for I[α] }
Null := { f ∈ ConstMot : f is identically equal to 0 at points of solutions }
Const := { f ∈ ConstMot : f is constant along any section γ(k) }
All such classes of germs have natural structures of vector spaces. The space
Σ is also endowed with a natural Lie algebra structure, given by the usual
Lie brackets between vector fields.
Using the above notation, when dimM ≥ 2 and the non-degeneracy condi-
tions (a) and (b) of Theorem 3.10 are satisfied, the two parts of Noether The-
orem can be restated saying that for any given choice of a 1-form αo ∈ [α]
of Poincare´-Cartan type of order r′ ≤ k−1, there exists a natural surjective
linear map
ϕ(αo) : Σ −→ ConstMot/Null , (3.23)
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From the definition of the map ϕ(αo), one has that kerϕ(αo) = Triv(αo)
and the above homomorphism induces an isomorphism of vector spaces
ı(αo) : Σ/Triv(αo)
∼
−→ ConstMot/Null .
This isomorphism does depend on the choice of αo. However, if one con-
siders the quotients of the vector spaces Σ and ConstMot by the subspaces
Triv and Null + Const, respectively, the surjective map (3.23) establishes a
vector space isomorphism
ı : Σ/Triv
∼
−→ ConstMot/(Null+ Const) ,
which is now independent on the choice of αo.
A priori, there is no reason for Triv(αo) or Triv to be ideals of the Lie
algebra Σ. Due to this, the quotients Σ/Triv(αo) and Σ/Triv cannot be
expected to have a natural Lie algebra structure.
However, something can be said on this regard, provided that we consider
the following restricted class of infinitesimal symmetries.
Definition 3.12. Given αo ∈ [α] of Poincare´-Cartan type and with the
above conditions satisfied, an infinitesimal symmetry X for I[α] is called
αo-symmetry if LXαo = 0.
Denote by Σ(αo) ⊂ Σ the subalgebra of the germs at uo of αo-symmetries.
We claim that the Lie brackets between vector fields induce a linear action
of Σ(αo) on Triv(αo). Indeed, if X ∈ Σ(αo) and Y ∈ Triv(αo)
ı[X,Y ]αo = d(αo(Y ))(X) − LXαo(Y ) = d(αo(Y ))(X)
αo(Y )≡0
= 0
showing that the germ [X,Y ] is in Triv(αo). Hence, the map
a˜d : Σ(αo) −→ Hom
(
Σ
Triv(αo)
,
Σ
Triv(αo)
)
,
a˜dX(Z mod Triv
(αo)) := [X,Z] mod Triv(αo) . (3.24)
is well-defined and is a linear representation. Composing with the isomor-
phism ı(αo), we get the following linear map for any X ∈ Σ(αo):
ρ(X) : ConstMot −→ ConstMot ,
ρ(X)(f) := ı[X,Z(f)]αo = X(ıZ(f)αo)− ıZ(f)LXαo = X(f),
where Z(f) is any germ in Σ(αo) that is mapped onto f by ϕ(αo). By con-
struction, the map ρ determines a linear representation of Σ(αo) and we have
the following:
Proposition 3.13. Given uo ∈ J
k(E) and αo ∈ [α] of Poincare´-Cartan
type and satisfying the hypothesis of Theorem 3.10, the map
ρ : Σ(αo) −→ Hom (ConstMot/Null,ConstMot/Null) ,
ρ(X)([f ]Null) :=
[
X(f)
]
Null
(3.25)
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is a linear representation of the space of (germs of) αo-symmetries Σ
(αo) on
the quotient space of (germs of) constants of motion ConstMot/Null.
Remark 3.14. A similar argument can be used to show the existence
of a natural linear representation of Σ(αo) also on the quotient space
ConstMot/(Null + Const).
4. Infinitesimal symmetries and Hamiltonian vector fields in
Hamiltonian mechanics
4.1. Notational issues. From now on, we assume that the configuration
space M is a cotangent bundle M = T ∗N of an n-dimensional manifold N .
We denote by π̂ : T ∗N → N the canonical projection of T ∗N and for
any system of coordinates η = (q1, . . . , qn) : U ⊂ N −→ Rn of N , we call
associated coordinates on T ∗N the map
ξη : π̂
−1(U) ⊂ T ∗N −→ R2n ,
which associates to any 1-form β = pidq
i|x ∈ T
∗
xN , η(x) = (q
1, . . . , qn), the
coordinates
β = pidq
i|x
ξη
−→= (q1, . . . , qn, p1, . . . , pn) .
In the following, we consider only this kind of coordinates on T ∗N and
the systems of adapted coordinates on Jk(E), E = T ∗N × R, are assumed
associated with such coordinates and of the form
ξ̂(k) = (t, qi, pj, q
i
(1), pj(1), . . . , q
i
(k), pj(k)) : U ⊂ J
k(E) −→ R2n(k+1)+1 .
The components of a vector field X on U ⊂ Jk(E) along the coordinate
vector fields ∂
∂qi
(a)
(resp. ∂
∂pj(a)
) are denoted by Xi(a) (resp. Xj(a)), that is
X = X0
∂
∂t
+Xi
∂
∂qi
+Xj
∂
∂pj
+Xi(1)
∂
∂qi
(1)
+Xj(1)
∂
∂pj(1)
+ . . . .
The holonomic 1-forms (2.2) are now denoted by
ωi(a) := dq
i − qi(a)dt , ωi(a) := dpi − pi(a)dt .
We finally denote by ϑ and Ω the tautological 1-form and canonical sym-
plectic 2-form, respectively, of T ∗N . We recall that they are defined by
ϑ|β := β(π̂∗(·)) and Ω = dϑ and that, in coordinates ξη = (q
i, pj), they are
given by the well-known expressions
ϑ = pidq
i , Ω = dϑ = dpi ∧ dq
i .
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4.2. Infinitesimal symmetries of Hamiltonian actions. According to
the standard terminology of Hamiltonian mechanics, a (time independent)
Hamiltonian is a smooth real function H : U ⊂M = T ∗N −→ R defined on
some open subset of T ∗N .
For a given Hamiltonian H, let us consider the following definition.
Definition 4.1. The Poincare´-Cartan 1-form of H is the 1-form αH on the
bundle π : E = U × R ⊂ T ∗N × R −→ R defined by
αH := ϑ−Hdt
( in coordinates, αH := pidq
i −Hdt ) .
For any k ≥ 1, the Hamiltonian action of H on Jk(E) is the action I[αH ],
defined by the variational class on Jk(E) of the (pull-back on Jk(E) of) αH .
If αH is considered as a 1-form of J1(E), we may see that it is (locally)
variationally equivalent to the 1-form
αH − piω
i = (H − piq
i
(1))dt .
This means that the action I[αH ] is (locally) determined by the Lagrangian
L = H − piq
i
(1), which is clearly of order 1. Furthermore,
dαH = Ω− dH ∧ dt = dpi ∧ dq
i − dH ∧ dt ,
showing that dαH is a source form, hence that αH is of Poincare´-Cartan
type.
These observations show that:
1) Theorems 3.8 and 3.10 can be used for I[αH ] whenever α
H is consid-
ered on a jet space Jk(E) with k ≥ 2.
2) If αH is taken as a 1-form on J2(E) and we consider adapted coor-
dinates (t, qi(a), p
j
(a))a=0,1,2, the source form σ in the variational class
[dαH ] of the kind (2.12) is
σ =
(
∂H
∂qi
+ p(1)i
)
ωi(0) ∧ dt+
(
∂H
∂pi
− qi(1)
)
ω(0)i ∧ dt . (4.1)
3) The system given by the full prolongation of the Euler-Lagrange equa-
tions, determined by (4.1), is
σi =
∂H
∂qi
+ p(1)i = 0 ,
σ˜i = ∂H
∂pi
− qi(1) = 0 ,
dσi
dt
= ∂
2H
∂qiqj
qj(1) +
∂2H
∂qipj
p(1)j + p(2)i = 0 ,
dσ˜i
dt
= ∂
2H
∂piqj
qj(1) +
∂2H
∂pipj
p(1)j − q
i
(2) = 0 .
(4.2)
4) αH satisfies condition (a) of Theorem 3.10.
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5) αH satisfies also condition (b) of Theorem 3.10, provided that it is
restricted to the open subset W = {(H − piq
i
(1))(uo) 6= 0}.
Due to this and Proposition 3.7, given a (2n+1)-tuple v = (v0,vi,vj) of
smooth functions on a subset W ⊂ J2(E), the D-symmetry
Xv := v
0 d
dt
+ vi
∂
∂qi
+ vi
∂
∂pi
+
2∑
a=1
da
dta
(
vi(a) − q
i
(1)v
0
) ∂
∂qi(a)
+
+
2∑
a=1
da
dta
(
vi − p(1)iv
0
) ∂
∂p(a)i
is an infinitesimal symmetry for I[αH ] if and only if v satisfies the equation
p(1)iv
i + pi
dvi
dt
−
dH
dt
v0 −H
dv0
dt
=
= −
(
∂H
∂qi
+ p(1)i
)
(vi − qi(1)v
0)−
(
∂H
∂pi
− qi(1)
)
(vi − p(1)iv
0) . (4.3)
In addition, by Theorem 3.10, given a constant of motion f on W ⊂
J2(E), of order less than or equal to 1, we may locally determine a (2n+1)-
tuple v, corresponding to an infinitesimal symmetry Xv for I[αH ] and such
that
ıXvα
H = f + g ,
where g is a constant of motion that vanishes identically along the solutions
of the variational principle. By the proof of Theorem 3.10, the constant of
motion g (identically vanishing on solutions) and the infinitesimal symmetry
Xv are determined by the following steps:
Step 1. Find smooth functions (v̂i, v̂j , v̂
i
(1), v̂j(1)) such that
−
df
dt
= v̂i
(
∂H
∂qi
+ p(1)i
)
+ v̂i
(
∂H
∂pi
− qi(1)
)
+
+v̂i(1)
(
∂2H
∂qiqj
qj(1) +
∂2H
∂qipj
p(1)j + p(2)i
)
+v̂(1)i
(
∂2H
∂piqj
qj(1) +
∂2H
∂pipj
p(1)j − q
i
(2)
)
.
Note that such functions do exist, but are not uniquely determined by f .
Step 2. Determine the constant of motion g by the formula
g := v̂i(1)
(
∂H
∂qi
+ p(1)i
)
+ v̂(1)i
(
∂H
∂pi
− qi(1)
)
.
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Then the infinitesimal symmetry Xv is determined by the (2n + 1)-tuple v
v0 := 1
piq
i
(1)
−H
(
−
∑n
i=1
(
v̂i −
dv̂i(1)
dt
)
pi + f + g
)
,
vi := v̂i −
dv̂i(1)
dt
+ qi(1)v
0 ,
vi := v̂j −
dv̂j(1)
dt
+ pj(1)v
0
(4.4)
and it is therefore equal to
Xv = v
0 d
dt
+
(
v̂i −
dv̂i(1)
dt
)
∂
∂qi
+
(
v̂j −
dv̂j(1)
dt
)
∂
∂pj
+
+
2∑
a=1
da
dta
(
v̂i −
dv̂i(1)
dt
)
∂
∂qi(a)
+
2∑
a=1
da
dta
(
v̂i −
dv̂i(1)
dt
)
∂
∂pi(a)
(4.5)
4.3. Infinitesimal symmetries and H-symplectic symmetries. Con-
sider now a constant of motion f on J2(E) for the action I[αH ] of order 0
and time-independent, i.e. which is the pull-back on J2(E) of a function
f˜ : U ⊂ T ∗M −→ R, with df˜
(
∂
∂t
)
= 0. We call any such constant of motion
first integral of elementary type.
Now, recall that the system of equations that are satisfied by the solutions
of the variational principle of I[αH ] are (4.2). It is then clear that, for any
xo ≃ (to, q
i
o, poj) ∈ T
∗M , there exists a jet
uo ≃ (to, q
i
o, poj , q
i
(a)o, poj(a)) ∈ J
2(E) ,
satisfying the full prolongation of Euler-Lagrange equations and a solution
γ : I ⊂ R −→ E, such that γto = uo. The coordinates q
i
(1)o, pj(1)o of such
point uo are equal to
qi(1)o =
∂H
∂pi
∣∣∣∣
(qio,poj)
, pj(1)o =
∂H
∂qi
∣∣∣∣
(qio,poj)
.
Since the first integral f depends only on the coordinates of T ∗M , it
follows that
0 = df |uo
(
γ˙
(2)
to
)
=
∂f
∂qi
∣∣∣∣
(qio,poj)
γi(1)(to) +
∂f
∂pi
∣∣∣∣
(qio,poj)
γ(1)j(to) =
=
∂f
∂qi
∣∣∣∣
(qio,poj)
∂H
∂pi
∣∣∣∣
(qio,poj)
−
∂f
∂pi
∣∣∣∣
(qio,poj)
∂H
∂qi
∣∣∣∣
(qio,poj)
(4.6)
for any (qio, poi) ∈ T
∗M . By arbitrariness of (qio, poj), it follows that
−
df
dt
=
∂f
∂qi
qi(1) +
∂f
∂pj
p(1)j
(4.3)
=
∂f
∂qi
(
qi(1) −
∂H
∂pi
)
+
∂f
∂pj
(
p(1)j +
∂H
∂qi
)
.
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This shows that Step 1 of previous section can be easily solved by setting
v̂i =
∂f
∂pi
, v̂j = −
∂f
∂qj
, vi(1) = v(1)j = 0 .
From this, following Step 2, we get that the (vanishing along solutions) con-
stant of motion g is identically vanishing and that the infinitesimal symmetry
X(f) associated with f is
X(f) =
1
piqi(1) −H
(
−
(
∂f
∂pi
)
pi + f
)
d
dt
+
(
∂f
∂pi
)
∂
∂qi
−
(
∂f
∂qj
)
∂
∂pj
+
+
2∑
a=1
da
dta
(
∂f
∂qj
)
∂
∂qi(a)
−
2∑
a=1
da
dta
(
∂f
∂qj
)
∂
∂pi(a)
. (4.7)
Consider now the natural immersion
ı : E = T ∗M ×R −→ J2(E) , ı(β, t) = j2t (β˜) ,
where β˜ : R→ E denotes the constant section β˜(t) ≡ β, and the projection
π̂ : E = T ∗M × R −→ T ∗M .
For any infinitesimal symmetry (4.3), consider the associated vector field
Y (f) on (an open subset of) T ∗M , defined by
Y (f) := π̂∗
(
X(f)
∣∣∣
ı(E)
)
=
(
∂f
∂pi
)
∂
∂qi
−
(
∂f
∂qj
)
∂
∂pj
. (4.8)
Notice that:
i) The vector field Y (f) is the Hamiltonian vector field associated with
f , i.e. the unique vector field on T ∗M that satisfies the equation
ıY (f)Ω = df . (4.9)
Note also that, by (4.3), it satisfies the condition
ıY (f)dH = 0 . (4.10)
ii) Conversely, if Y (f) is a Hamiltonian vector field on U ⊂ T ∗M , asso-
ciated with a function f on U and satisfying (4.10), one can directly
check that f : U −→ R is a first integral of elementary type.
iii) In any open subset W ⊂ J2(E), where a system of adapted co-
ordinates ξ̂(2) = (t, qi, pj, q
i
(1), pj(1), q
i
(2), p(2)j)) are defined, given a
Hamiltonian vector field as in (ii), there is a unique infinitesimal
symmetry X(f) for the variational principle of I[αH ] of the form (4.3)
and such that Y (f) := π̂∗
(
X(f)
∣∣
ı(E)
)
.
iv) Given u = ı(βo) ∈ ı(E) ⊂ J
2(E), the correspondence X 7−→
π̂∗
(
X|ı(E)
)
determines an isomorphism between the Lie algebra of
germs at βo of the infinitesimal symmetries as in (4.3) and the Lie
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algebra of germs at βo of the Hamiltonian vector fields on T
∗M ,
which satisfy (4.10).
These facts can be nicely summarized using the following notion.
Definition 4.2. The vector fields Y on U ⊂ T ∗M that satisfy the equations
LY Ω = 0 , ıY dH = 0 (4.11)
are called H-symplectic symmetries of T ∗M
Fix now a point u ∈ U ⊂ T ∗M and consider the following classes of germs
at u:
spH := { germs at u of H-symplectic symmetries } ,
Ielem := { germs at u of first integrals for I[αH ] of elementary type } .
By the above discussion, the correspondence between infinitesimal symme-
tries and constants of motion, given by Noether Theorems, determine the
isomorphism of vector spaces
ϕ : spH −→ Ielem/R , (4.12)
where, for any Y ∈ spH , the corresponding equivalence class ϕ(Y ) ∈ Ielem/R
is determined by the f (determined up to an additive constant) such that
ıY Ω|u = df |u .
Since spH has a natural structure of Lie algebra, the vector space isomor-
phism ϕ induces a natural Lie algebra structure on Ielem/R.
We remark that the Lie brackets of the induced Lie algebra structure are
the usual Poisson brackets of the symplectic manifold (T ∗M,Ω).
4.4. The infinite-dimensional Lie algebra spH . Let Ωo be the standard
symplectic form of R2n, i.e.
Ωo = dx
1 ∧ dx2 + dx3 ∧ dx4 + . . . + dx2n−1 ∧ dxn , (4.13)
and denote by sp
(1)
∞ (2n,R) the Lie subalgebra of sp∞(2n,R), determined
by the vector fields, commuting with ∂
∂x1
. We recall that sp∞(2n,R) is
the infinite-dimensional Lie algebra of the germs at 0 of vector fields of
R
2n, which preserve Ωo. Consequently, the (infinite-dimensional) Lie algebra
sp
(1)
∞ (2n,R) is made of all germs of vector fields X satisfying the pair of
conditions
LXΩo = 0 and L ∂
∂x1
X = 0 . (4.14)
Note that the second condition in (4.14) is equivalent to require that
dx2(X) = LXdx
2 = LX(ı ∂
∂x1
Ωo) = 0 .
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One can directly check that X ∈ sp
(1)
∞ (2n,R) if and only if X is of the form
X = h
∂
∂x1
+ X˜ with X˜ =
2n∑
j=3
X˜j
∂
∂xj
where h and X˜i are functions that satisfy the equations
∂h
∂x1
=
∂X˜j
∂x1
= 0 , L
X˜
Ω′o = −dh ∧ dx
2 ,
where Ω′o denotes the standard symplectic form of R
2n−2 = { x ∈ R2n :
x1 = x2 = 0 }.
This means that
sp(1)∞ (2n,R) ⊃ sp∞(2n − 2,R)× R .
Let H : U ⊂ T ∗M −→ R be a time-independent Hamiltonian. An element
β ∈ U is called point of non-degeneracy for H if dH|β 6= 0.
Proposition 4.3. For any Hamiltonian H and any point of non-degeneracy
u for H, the Lie algebra spHo is isomorphic to the infinite dimensional Lie
algebra sp
(1)
∞ (2n,R).
Proof. By the proof of Darboux Theorem (see e.g. [1]), since dH|u 6= 0,
there exists a system of coordinates around u, in which Ω assumes the same
expression of the standard symplectic form Ωo and the function H is equal
to H = x2. From this, the conclusion follows.
From the above proposition, around points of non-degeneracy, all Lie
algebras of (germs of) first integrals of elementary type of all Hamiltonians
are infinite-dimensional and mutually isomorphic. The same clearly occurs
for any subalgebra g of such Lie algebras and gives rise to the following
phenomenon (see also [8] for a constructive proof of this property for some
special Lie algebras).
Theorem 4.4. Assume that for a given Hamiltonian H there exists a col-
lection of first integrals of elementary type, which (by means of Poisson
brackets) constitutes a (finite or infinite) dimensional Lie algebra g ⊂ spH
at a point of non-degeneracy u.
Then the same occurs for any other Hamiltonian H ′ in the following
sense: around any point of non-degeneracy of H ′, there exists a collection of
(locally defined!) first integrals of elementary type for H ′, which constitutes
a Lie algebra g′ ⊂ spH
′
that is isomorphic to g.
32 E. FIORANI AND A. SPIRO
References
[1] V.I. Arnold, Mathematical Methods of Classical Mechanics (2nd ed.), Springer-
Verlag, New York, 1989.
[2] S. Germani, Leggi di conservazione e simmetrie: un approccio geometrico al Teorema
di Noether, Tesi di Laurea Magistrale, Universita` di Camerino, Camerino, 2012.
[3] E. Fiorani, S. Germani and A. Spiro, On the Lie algebras of conservation laws of
variational partial differential equations, in preparation.
[4] Y. Kosmann-Schwarzbach, On the momentum mapping in field theory, in “Differential
geometric methods in mathematical physics (Clausthal, 1983)”, p. 25–73, Lecture
Notes in Math., 1139, Springer, Berlin, 1985.
[5] Y. Kosmann-Schwarzbach, The Noether Theorems, Springer, New York, 2011.
[6] A. E. Marsden and T. S. Ratiu, Introduction to Mechanics and Symmetry, Springer-
Verlag, Berlin, 1994.
[7] J. Milnor, Morse Theory, Princeton Univ. Press, Princeton, 1963.
[8] N. Mukunda, Dynamical Symmetries and Classicam Mechanics, Phys. Rev., 155
(1967), 1383–1386.
[9] E. Noether, Invariante Variationsprobleme, Nachr. Ko¨nig. Gesell. Wissen. Go¨ttingen,
Math.-Phys. Klasse, (1918), 235–257.
[10] P. J. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag,
New York, 1986; 2nd ed. revised, 1993.
[11] P. J. Olver, Noether’s theorems and systems of Cauchy-Kovalevskaya type, in “Non-
linear systems of partial differential equations in applied mathematics, Part 2 (Santa
Fe, N.M., 1984)”, Lectures in Appl. Math., 23, Amer. Math. Soc., Providence, RI,
1986.
[12] P. J. Olver, The Noether theorems. Invariance and conservation laws in the twentieth
century [book review of MR2761345], Bull. Amer. Math. Soc. (N.S.), 50 (2013), 161–
167.
[13] A. Spiro, Cohomology ol Lagrange complexes invariant under pseudogroups ol local
transformations, Int. J. Geom. Methods Mod. Phys., 4 (2007), 669–705.
[14] K. Yamaguchi, Contact geometry of higher order, Japan. J. Math. (N.S.), 8 (1982),
109–176.
[15] K. Yamaguchi, Geometrization of jet bundles, Hokkaido Math. J., 12 (1983), 27–40.
Emanuele Fiorani and Andrea Spiro, Scuola di Scienze e Tecnologie, Univer-
sita` di Camerino, Via Madonna delle Carceri 9, I-62032 Camerino (Macerata),
ITALY
E-mail address: emanuele.fiorani@unicam.it
E-mail address: andrea.spiro@unicam.it
